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ONE-WAY AND FLYBY INTERPLANETARY 

TRAJECTORY APPROXIMATIONS USING 
MATCHED CONIC TECHNIQUES 

By Victor R. Bond and E l l i s  W. Henry 

SUMMARY 

A method fo r  matching the position and velocity components a t  the 
sphere of influence boundaries of both one-way and flyby t r a j ec to r i e s  
i s  presented. A one-way matched conic is  computed by specifying the 
Ju l i an  date of launch, f l i g h t  time t o  the ta rge t  planet, and the 
inc l ina t ion  and periapsis r a d i i  a t  both launch and ta rge t  planet. A 
f lyby matched conic t ra jec tory  i s  computed by specifying i n  addition 
the  proper re turn time from the target planet t o  the launch planet 
and the return incl inat ion and periapsis radius a t  the launch planet 
and by allowing the incl inat ion and per iapsis  radius a t  the ta rge t  
planet t o  be free. 

The matched conic t ra jec tory  tha t  r e su l t s  i s  a good approximation 
t o  a precision t ra jec tory  and may be used as  a reference f o r  in te r -  
planetary guidance and navigation studies.  

INTRODUCTION 

This note w i l l  present the anaJysis which was done i n  Advanced 
Mission Design Branch (AMOB) i n  developing an interplanetary matched 
conic computer program. The output of the program i s  e i t h e r  the  
t r a j ec to ry  of a spacecraft between the  Earth and another t a rge t  planet, 
o r  a t ra jec tory  from Earth by way of a second planet and then back t o  
Earth.  
mode, respectively.  

These modes w i l l  be knuwn a s  the  one-way mode and the  flyby 
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The t ra jec tory  i s  separated in to  three d i s t i n c t  phases f o r  each 
outbound o r  inbound leg. The f i r s t  phase, called a planetocentric 
phase, begins a t  periapsis of the spacecraft t ra jec tory  about the 
launch planet and terminates a t  i t s  sphere of influence. The second 
phase, cal led the hel iocentr ic  phase, begins a t  the launch planet 
sphere of influence and terminates a t  the t a r g e t  planet 's  sphere of 
influence. The t h i r d  phase i s  a l s o  known a s  a planetocentric phase 
but t he  motion begins a t  t he  t a rge t  planet ' s  sphere 
and terminates a t  periapsis near the t a r g e t  planet. 
phases assume the  motion t o  be a conic with respect 
launch or t a r g e t  planet, and the  hellocentric phase 
t o  be a conic with respect t o  t h e  Sun. 

~ 

of influence 

t o  e i t h e r  the 
assumes the motion 

The planetocentric 

The purpose of the analysis presented w i l l  be t o  show how the 
posit ions and veloci t ies  a re  matched a t  the sphere of influence 
boundaries, and t o  outline the method of generating the conic 
t r a j e c t o r i e s  during each phase of the t ra jectory.  By matching both 
posi t ion and velocity, the result ing t ra jec tory  i s  a good approximation 
t o  a precise t ra jec tory  and a s  such may be used as a reference t ra jec tory  
i n  navigation and guidance studies.  

a 

e 

H 

h 
h 

i 

î, j, i; 

semi-major axis  

eccent r ic i ty  

functions occurring i n  solution of heliocentric two-body 
problem 

functions occurring i n  solution of planetocentric two-body 
problem 

hyperbolic equivalent of eccentric anomaly 

unit vector along angular momentum 

incl inat ion of o r b i t a l  plane 

orthogonal uni t  vectors defining an i n e r t i a l  system 
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A 

n 

T 

II 

I-1 

V 

A 

D 

F 

FL 

P 

W 
A. 

T 

x 

un i t  vector along nodal l ine  

hel iocentr ic  position and veloci ty  vectors 

planetocentric posit ion and veloci ty  vectors 

magnitude of - r 

uni t  vector outward from planet along hyperbolic asymptote 

Ju l ian  date 

time 

unit vector shown i n  figure 1 

r i g h t  ascension and declination of hyperbolic asymptote 

vector along angular momentum defined by equation (19) 

angle between periapsis and t he  hyperbolic asymptote 

constant of gravitation 

angle between semilatus rectum and velocity vector 

angle defined by equation (17) 

S ubc ri pt s 

quantity referenced t o  a r r i v a l  planet 

quantity referenced t o  departure on launch planet 

quantity computed a t  target  planet i n  free-return mode 

f l i g h t  

denoting planet position o r  velocity referenced t o  Sun 

~ ~ a i i t i t y  s-cffied a t  Eai.th fo r  return l e g  of free-return rnde 

quantity referred t o  target  planet i n  free-return mode 

quantity computed or  specified a t  per ispsis  
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x, Y, z components of a vector i n  system defined by f ,  3, 
quantity i n  neighborhood of planetary sphere of influence - 1, 2 

Supe rs c r i p t  s 

( I* quantity a t  planetary sphere of influence 

quantity a t  planetary sphere of influence, evaluated from 
hel iocentr ic  conic 

( ) *' 

( )+ quant i ty  referr ing t o  northern hemisphere of planet 

( 1' quantity re fer r ing  t o  southern hemisphere of planet 

ANALYSIS 

This analysis ,  w i t h  some changes, i s  s imi la r  t o  t h a t  presented i n  
reference 1. The authors of reference 1 res t r i c t ed  themselves t o  the  
one-way c l a s s  of t r a j ec to r i e s .  A s  mentioned above, the flyby mode is 
presented here. Another s l i gh t  difference i s  t h a t  the inc l ina t ion  i n  
t h e  planetocentric phase i s  specified ra ther  than the right ascension 
of ascending mode, which was specified i n  reference 1. The mathematical 
approach t o  the problem i s  a l so  d i f f e ren t .  The authors of reference 1 
solved the problem without resor t ing t o  the  convenience of vector 
notation, which i s  used t o  t h e  f u l l e s t  extent  i n  t h i s  note. 

For the  one-way mode, t he  following quant i t ies  are specif ied:  
t he  Julian date of launch fromthe departure plane, %; the  f l ight 
time t o  the  t a rge t  planet, tFu; the  incl inat ion,  iD, and radius of 

per iapsis ,  rd, a t  the departure planet;  and the incl inat ion,  iA, and 
rad ius  of periapsis,  rd, a t  the arr ival ,  or t a rge t  planet. These s i x  
quant i t ies  a re  su f f i c i en t  information t o  completely solve f o r  the  
t r a j e c t o r y  i n  the one-way mode except f o r  bounds on the inc l ina t ions ,  
which w i l l  be discussed l a t e r .  

For the  flyby mode, the following quant i t ies  a re  specif ied:  the  
r . . i a - -  a-L- n,, i-..--~. o . . ~ ~  w..da. u LLLLUII uuw= IUL ~ a u u ~ u  I A u u i  u a A  uu, TD; the fX*t thii t~ the t a r s t  

planet,  t F u ;  the f l i g h t  t i m e  t o  re turn  t o  Earth from the t a r g e t  
planet,  tFm;  the incl inat ion,  iD, and radius of periapsis,  rxD, a t  
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fiR' Earth departure; the inclination, iR, and radius of periapsis,  r 

a t  Earth return.  There are seven quant i t ies  specified here bu t  they 
are subject t o  the  s ingle  constraint  t h a t  the f l i g h t  times must be 
chosen such t h a t  the incoming velocity magnitude a t  the t a rge t  p lane t ' s  
sphere of influence must be equal t o  the outgoing veloci ty  magnitude 
a t  the sphere of influence. The values of %, tFu, and tFLR may be 

picked from several  documented sources such a s  references 2 and 3 .  

The analyses f o r  the separate t ra jec tory  phases are done i n  the 
following two sections . 

The Planetocentric Phases 

During t h i s  phase, the spacecraft motion i s  assumed t o  be planet- 
centered. The necessary quantit ies f o r  determining the t r a j ec to ry  i n  
the planetocentric phase are  the velocity of the spacecraft a t  the 
planetary sphere of influence a s  computed from a hel iocentr ic  
t r a j ec to ry  - v*!, the  radius of the sphere of influence, r*> the radius 
of periapsis ,  rn, and the inclination of the t r a j ec to ry  plane t o  the 
planetary equator, i. 

If the launch date, a r r i v a l  date a t  t a rge t  planet, and return date 
t o  Earth are  chosen so  t h a t  the t ra jec tory  i s  a flyby, the incl inat ion,  
i, and per iapsis  radius, rn, a t  the t a rge t  planet are not independent 
quant i t ies  and may be computed as w i l l  be sham l a t e r .  

The solut ion of t h i s  problem must ult imately yield the posit ion and 
veloci ty  vectors r* and fl of the spacecraft  a t  the sphere of influence. 
It should be note3 t h a t  The velocity v* i s  slightly d i f fe ren t  i n  
d i rec t ion  and magnitude from the  veloFity v*'. This difference i s  due 
t o  the  f a c t  t h a t  v*! was computed from a hgliocentric t r a j ec to ry  which 
goes through the ;enter of a massless planet, while fl assumes two-body 
motion about the planet with a non-zero per iapsis  raxius. 

The semi-major axis  i s  computed from, 

which w i l l ,  of course, be negative since all of the t r a j ec to r i e s  i n  the  
planetocentric phase w i l l  be hyperbolic . 
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The eccent r ic i ty  i s  found from 

(2) 

A s  shown i n  f igure (l), t he  angle between r, and the asymptote of - the  hyperbola i s  

q = COS' l (+) .  

The time from periapsis  t o  the sphere of influence i s  

t, =E ( e  s i n  H - H), 

where H is  found from 

cosh H = (l - g) 1 e . 
The magnitude of the  velocity a t  per iapsis  i s  found from 

(3 )  

(4) 

The d i rec t ions  of the hyperbolic asymptotes which are always 
assumed t o  have t h e i r  o r ig in  a t  the planet may be computed by making 
the assumption t h a t  v*' i s  parallel t o  the hyperbolic asymptote f o r  
departure t r a j ec to r igs  and an t i -pa ra l l e l  f o r  a r r i v a l  t r a j e c t o r i e s  
vector  notation, 

I n  

$* ' 
%=F (7 1 

f o r  departure, and 
-..u I - " *. - -A 

gA - v)c1 
f o r  a r r i v a l .  
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I n  order t o  compute the planetocentric posit ion and veloci ty  
vectors r* and &* o r  r* and v*, it i s  f i rs t  necessary t o  derive expres- 

sions f o r  t he  position and velocity a t  periapsir;. 
case, see f igure l ( a )  and f o r  the a r r i v a l  case see f igure l(b). 

4 -A -A 
For the departure 

The derivation of 5 and zfi is  essent ia l ly  trigonometrical and the  

r e s u l t s  are s t a t ed  simply a s  

f o r  departure t r a j ec to r i e s ,  and , 

cos 71 - s i n  7 w % c A = r d  ( A 

-sin q fiA - cos 9 

I 
f o r  a r r i v a l  t r a j e c t o r i e s .  

The uni t  vectors flD and f o r  t he  a r r i v a l  and departure a re  

found from 

eD o r  flA i s  i n  the plane of the motion perpendicular t o  v*I, and the 

vector fi i s  a un i t  vector normal t o  t h e  plane of motion and has the 
same direct ion as the  angular momentum. The uni t  vector fi depends 
upon the or ientat ion of the plane of motion with respect t o  the 
planetocentric i n e r t i a l  coordinate system and is  given by ( re f .  4)  

- 

fi = i s i n  s i n  i - 3 cos R s i n  i + fz cos i (12) 

The un i t  vector P i s  along an i n e r t i a l  d i rec t ionAis  space, f o r  example, 
t h e  vernal  equinox i f  t h e  system is geocentric; k i s  normal t o  the 
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plane t ' s  equator and i n  the  same direct ion as  the  planetary spin ax is ;  
and i s  chosen t o  complete the right-hand system. 

Now spec ia l ize  t o  the one-way mission case; t h a t  is, the t r a j ec to ry  
i s  not a flyby or  f r e e  return.  The inc l ina t ion ,  1, i s  specified as 
e i t h e r  % o r  iA and the r igh t  ascension of the  ascending mode, 0, may 
be computed except f o r  an ambiguity which may be resolved by a r b i t r a r y  
select ion.  

For departure t r a j e c t o r i e s ,  a s  may be seen from figure 2(a), the  
per iapsis  may be chosen t o  be i n  e i the r  the  northern hemisphere or 
the  southern hemisphere by specifying e i t h e r  

n+ = a + a + J r  (13) 

f o r  northern hemisphere periapsis,  o r  
- 

R = a - 0  

f o r  southern hemisphere periapsis.  

For a r r i v a l  t r a j ec to r i e s ,  as seen from f igure 2(b) 

c ? = a - a  

f o r  no-thern hemisphere periapsis,  and 

p = a + a + s r  

f o r  southern hemisphere periapsis.  

The angle (5 is found. i n  a l l  cases from, 
t an  6 s i n  0 = - t an  i 

The angles 6 and a are  t h e  declination and r igh t  ascension of 
the asymptote and may be computed from % o r  8,. 

Equation (16) expresses the  l imitat ion on the angle of incl inat ion,  
which may be specified.  It i s  obvious t h a t  

f o r  (16) t o  be meaningfd. 
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1 -  

For the flyby case, t he  inclination, the per iapsis  radius, and the 
right ascension of the ascending node a re  computed f romthe  a r r i v a l  
and departure velocity vectors a t  the t a r g e t  planet, ~ x $  and v*' 

which of course must have the  same magnitudes. 

6 

4 T '  
The cross product 

= v*! x v*' must have t h e  same direct ion as  the angular momentum, - -AT 4 T  

The incl inat ion 
(191, 

G . 6  
Similarly, the right 
two equations, 

s i n  hl 

cos R 

is  computed comparing equations 

6z /c  = cos iF = 

ascension of the ascending node is  

(12) and 

(20 1 
found from the 

The radius of periapsis,  r i s  found by first finding the 
XF' 

semi-major axis  from (l), and the eccentr ic i ty  by invert ing (3), i. e., 

(22 ) -1 
cos 9 

e =- . 
From figure 3, it i s  seen tha t  5 i s  related t o  the  angle Y by 

where Y i s  found from the magnitude of the cross-product i n  
equation (19) ,  

I-AT v*' x -*I. v*' 

V*'d  
s i n  2 Y = (24) 
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From equations (2), (22), and (24), 

' .  

c 

c 

r IrF = a k - c s c v )  . (25 1 

The computed inc l ina t ion  iF and per iapsis  radius r a t  the flyby IrF 
planet are  now used exact ly  as i n  the one-way case. 
planet l e g  +, and rm are  specified, the t a r g e t  a r r i v a l  incl inat io- i  and 

per iapsis  radius a r e  s e t  a s  iA = iF and r 
planet-Earth leg,  +., = iF and r = r and iA = i and r 
where iR and r 

For the Earth-target 

For the t a rge t  

ZA = r ~ R '  

SrA = r ~ F '  

&I I ~ F  R 
are,  of course, specified. 

IrR 

The one-way case and the f lyby case reduce t o  the  same formulation 
with the exception noted above. The perigee posi t ion and veloci ty  
vectors equations (9) or  (10) a r e  now advanced ( fo r  departure t r a j e c t o r i e s )  
o r  regressed ( f o r  a r r i v a l  cases)  t o  the  sphere of influence of the 
planet  . 

For deparbure t r a j ec to r i e s ,  

and, f o r  a r r i v a l  t r a j ec to r i e s ,  

The Heliocentric Phase 

During t h i s  phase, the spacecraft motion i s  assumed t o  be Sun-centered 
and t o  take place between the sphere of influence of the departure and 
a r r i v a l  planets. Basically,  t h i s  solution involves t h e  snh--tinn r\f 
Lambert s problem. 

The quant i t ies  t h a t  are  required from t h i s  phase f o r  use i n  the 
planetocentr ic  phases are the veloci t ies  $' and I$' of the spacecraft  

a t  t h e  planetary spheres of influence. These ve loc i t i e s  are estimated 



i n i t i a l l y  a s  given i n  the  Appendix. 
the  matching process begins, and they a re  subsequently computed as  
f ollows : 

After t h e i r  first computation, 

ht r* and r* be the posit ion vectors of the spacecraft  a t  the 
4 -A 

departure and a r r i v a l  planetary spheres of influence (taken t o  be with 
respect  t o  t h e i r  respective planets, of course). 
and td be the time t o  per iapsis  from the spheres of influence of the 

departure and a r r i v a l  planets.  

a re  computed with respect t o  the planets a s  s h m  i n  the sect ion on 
the  planetocentric phase. 

Further, let tSLD 

?CA 
These quant i t ies ,  &*, q, ta, and t 

The hel iocentr ic  portion of the f l i g h t  must now be computed with 
s l i g h t l y  difference posi t ion vectors f o r  the spacecraft  a s  we l l  as  a t  
s l i g h t l y  d i f f e ren t  times a t  the spheres of influence. 

The adjusted posi t ion vectors of the spacecraft  w i t h  respect t o  
the  Sun a t  the planetary spheres of influence a re  

The posit ion vectors 9' and Rn' and the time T '  - 9' are  nuw -A 
used t o  solve Lambert's problem. The r e s u l t  of t h i s  solut ion i s  the 
spacecraf t  a r r i v a l  and departure veloci t ies  a t  the sphere of influence, 
t h a t  i s  V*' and 1;'. 
respec t  t o  the planets may be found by 

- 

The veloci ty  vectors of the spacecraft  with ' 4 0  



THE VEUCITY MATCH PFOCESS 

c 

c 

The r e l a t i v e  velocity vectors I$' and v*' a t  the sphere of 

influence of the departure and a r r i v a l  planets which were computed i n  
the hel iocentr ic  phase assuming massless planets must now be compared 
with the  velocity vectors &* and xi, which were computed during the 

planetocentric phases. If v* - v*' and v* - a re  less than a 

small velocity tolerance (say, 3 fps), then the ve loc i t i e s  a re  
considered t o  be matched and the en t i re  problem i s  solved. If e i t h e r  
o r  both of t he  velocity differences are greater than the  tolerance, then 
the planetocentric phases a re  repeated and the computations a re  i n i t i a t e d  
by &*I and v*'. 

within 3 fps  a f t e r  only two or  three cycles. 
be visualized e a s i l y  from figure 4. 

-A 

1-0 -3) 1 I-A -A 

It has been found t h a t  a veloci ty  match i s  attained t o  -A 
The matching process can 

For the flyby case, the Earth departure and Earth return legs a re  
t rea ted  separately, being cer ta in  that  the periapsis radius, inclination, 
and right ascension of ascending node are  the same f o r  both legs. It 
has generally been found that  it i s  not necessary t o  repeat the 
calculat ion of these quant i t ies  f o r  each matching cy2I.e. These are 
computed from v*l and v*' j u s t  prior t o  the first cycle and are  then 4 -A 
maintained throughout. 

The short-long Mars f b b y  mission ( i . e m ,  short outgoing t ra jec tory  
and lmg re turn t ra jec tory)  w i t h  a launch date of September 20, 1975, 
was chosen a s  an example. From reference 2, it is seen t h a t  t h i s  
mission has a near minimum injection veloci ty  a t  Earth. 
i s  designated by the following specified quant i t ies :  

= 2 442 675.0 (September 20, 1975) 

This mission 

TD 
= 133.29 days 

t,, - = 538.64 days 
tFLA 

I'M 
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r = 262 n. mi. plus radius of Earth & 

iR = 60' 

r = 70 n. m i .  plus radius of Earth 
XR 

Two t r a j e c t o r i e s  were computed using the above input. The f i rs t  
required the per iapsis  a t  Earth inject ion t o  be i n  the southern 
hemisphere and the periapsis a t  Earth return t o  be i n  the southern 
hemisphere. The second required a north per iapsis  in jec t ion  a t  Earth 
and a south per iapsis  re turn  a t  Earth. The coordinate system used i n  
a l l  phases was the equator ia l  system. These t r a j e c t o r i e s  a re  summarized 
i n  -table I. 

CONCLUDING REMARKS 

A method f o r  matching conic t r a j ec to r i e s  a t  sphere of influence 
boundaries has been presented. The match i s  exact f o r  posit ion 
components and within about 3 fps  ( root  sum square) f o r  the 
ve loc i ty  components. By specifying the  Julian date of launch, f l ight  
time t o  the t a rge t  planet, and the inc l ina t ions  and per iapsis  r a d i i  a t  
both launch and t a rge t  planet,  a one-way match conic t r a j ec to ry  may 
be computed. By fu r the r  specifying the  proper re turn time from the 
t a r g e t  planet t o  Earth, the return ine l lna t ion  and per iapsis  radius a t  
Earth, and allowing the incl inat ion and per iapsis  radius a t  the 
t a r g e t  planet t o  be free,  a flyby matched conic t r a j ec to ry  may be 
computed. 

When the inc l ina t ion  and periapsis radius are specified a t  a 
planet,  there  a re  two possible t r a j ec to r i e s  i n  t h a t  planet ' s  sphere of 
influence.  
i nc l ina t ion  there  e x i s t s  two possible values of the r igh t  ascension of 
the  ascending node. 
posi t ion vector may be placed i n  e i ther  the northern or  southern 
hemisphere . 

This ambiguity a r i s e s  due t o  f a c t  t h a t  f o r  a given 

l$y proper choice of t h i s  angle, the  per iapsis  

The r e su l t i ng  t r a j ec to ry  i s  a good approximation t o  a precision 
t r a j e c t o r y  and may be used a s  a reference t r a j ec to ry  f o r  interplanetary 
guidance and navigation s tudies .  



14 

APPENDIX 

THE FIRST ESTLMATES OF THl3 SPACECRAET 

DEPARTURE AN0 ARRIVAL RELATIVE VEIDCITIES 
c 

The f i r s t  s t ep  i n  estimating v*l and v*' i s  t o  obtain the  conic 

Given the  J u a n  date, TD, of launch 

4 -A 
solut ion f o r  the motion of the spacecraft  between the centers  of 
departure and a r r i v a l  planets. 

from the departure plane, and the Julian date, TA, a t  the a r r i v a l  

planet,  the  i n i t i a l  and f i n a l  position vector, 5 and EA, of the 

spacecraf t  a r e  determined f romthe  planetary ephemeris. 
of Lambert's problem, the corresponding ve loc i t ies  V and V are  found. -D -A 
(This solut ion i s  given f o r  example i n  r e f .  7.) The ve loc i t ies  
V* or  1; may be determined from $ and 5, or R and XA by numerically 
-D -A 
determining the time, t*, required by the spacecraft  t o  t r a v e l  from 
the  center  of the departure planet t o  i t s  sphere of influence, or 
from the  a r r i v a l  planet ' s  sphere of influence t o  i t s  center.  

By the  solut ion 

The posi t ion and velocity,  % and xD a t  departure or  gA and 

a r r i v a l ,  a re  used as  i n i t i a l  conditions t o  determine the spacecraf t ' s  
he l iocent r ic  posit ion R1, at  some t i m e  tl, near the sphere of influence. 

a t  - 
- 

For departure, 

The r e l a t i v e  posit ion of the spacecraft with respect t o  the planet a t  
tl is  computed from 

Now l e t  t be incremented a small amount A t ,  and again compute the  
r e l a t i v e  posi t ion a t  t2 = tl + A t ;  



The planetary ephemeris may be obtained ana ly t ica l ly  a s  i n  
reference 5 o r  numer i caw from a planetary data source as  i n  reference 6. 

The r a t e  of change of the re la t ive  spacecraft  posit ion magnitude is  
f a i r l y  l i nea r  near the sphere of influence so  t h a t  the time of crossing 
the sphere of influence i s  given approximately by 

Experience has sham t h a t  t l m y  be taken t o  be l d a y  and at a s  
1 hour t o  give a f a i r l y  accurate value of t*. This may be improved by 
repeat ing the computation i n  (A4)  by l e t t i n g  tl = t* and l e t t i n g  A t  be 

1 minute. After 2 cycles of t h i s  computation t* is  such t h a t  the 
computed value of rzA. is  within 20 n. mi. of the ac tua l  value. 

The r e l a t ive  posit ion 3' and velocity v*' a t  the departure sphere 4 3  
of influence may now be computed from 

4) fl'(t*) = - R)c(t*) - - % (t* + T,,) 
and 

$'(t*) = - V*(t*) - Im (t* f %), 
where 

- R* (t*) = - Fj, F(t*) + & G(t*), 

- V* (t*) = & F(t*) + & G(t*),  

and %(t* + !I!,,) and V 
ephemeris. 

(t* + T ) are determined from the planetary - -m D 

The r e l a t i v e  posit ion and velocity, 21' and LI', a t  the a r r i v a l  

sphere of influence are  computed similarly,  with t l a n d  A t  taken t o  be 

negative and with R and V a s  the i n i t i a l  conditions. -A -A 
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A 
(h is unit vector out of page) 

47D l ies i n  the WD# SD plane 
A A  

V*DI 

t sD=- 
V*DI 

A -  

Trajectory 

Asymptote 

(a) Departing 

A A A  
W A = - h X S A  

C i s  unit vector into page) 

r -l7D 
A A  

l ies  i n  the WA# SA plane 

V*' 
A -A s = - -  

A v; 

'. ---------- 
(b) Arriving 

Figure 1. - Geometry of hyperbolic trajectory. 
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e 

+ 
V / -nD 

+ n  

(a) Departing 

Figure 2. - Geometry of  northern (+I and southern (-1 periapsis vectors for hyperbolic trajectories. 
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V 

v -nA 

(b) Arriving 

Figure 2. - Concluded. 

V* ' -A s =--  A 

A vT\' 

a-= a+u+n 
a + = a - a  

tan b sin u = - 
tan i 



2 1  

n 
'AT 

Constraint: I K 2 T l  = I 

n 
'DT 

Figure 3. - Geometry of flyby hyperbolic trajectory. 
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v; (FIRST ESTIMATE) - 

CO M P U TAT I ON 
IN DEPARTURE 
PHASE 

v* I (FI R ST E ST I MATE) -A - 
I PHASE- 1 

V * '  -D - r *  D ' I  * A' t I ID '  tl'lA 

HELJOCENT RIC 
PHASE 

- D' !!A 

V * '  
-A 

Figure 4. - Velocity mathing of heliocentric phase with planetocentric phases. 



23 

REFERENCES 

1. Knip, G. Jr.; and Zola, C. L.: Three-Dimensional Sphere-of- 
Influence Analysis of Interplanetary Trajectories t o  Mars, 
NASA TN D-Ll99, May 1962. 

2. Garland, B. J.: Free Return Trajectories t o  Mars Between 1973 
and 1982, MSC I N  No. 66-FM-141, November 25, 1966. 

3. Lockheed Missiles and Space Company: Planetary Fl ight  

4. Danby, John M. A. : Fundamentals of Celes t ia l  Mechanics. 

Handbook, NASA SP-35, parts 1, 2, 3. August 1963. 

The Macmi&n Company, 1962. 

5.  Garland, B. J.: Three-Dimensional Trajectory Analysis of 
Nonstop Round-Trip Mars Mission Between 1970 and 1988 
using Propulsive-Gravity Turns with Atmospheric Effects,  
NASA TI4 X-1122, August 1965. 

6. Henry, E. W.: A Double Precision Fortran Computer Program 
(GPFEM) f o r  a General Purpose Lunar and Planetary Ephemeris, 
MSC-IN No. 67-m-8, January 19, 1967. 

7. Battin, R. H.: Astronautical Guidance. McGraw-Hill Book 
Company, Inc. 1964. 


